Scattering angle differential cross sections for the He + + He single electron capture process are studied using plane wave Born approximation models for projectile energies between 30 keV and 1.89 MeV. Within this simplistic framework, we study the effects of the frozen core approximation by performing a full 5-Body calculation that explicitly includes all particles in the collision and comparing it with a single bound state model that neglects the bound electron in the projectile and a double bound state model that neglects the inactive electron in the target atom.
Introduction
Electron capture processes play an important role in many physical systems, from fusion reactors to astrophysical processes. In an electron capture collision, an incident ion collides with a target atom, captures an electron, and leaves the collision as a bound state. Recent experimental results for heavy ion single electron capture at low projectile velocities exhibit features in the differential cross section that can be attributed to Fraunhofer diffraction effects [1] [2] [3] [4] [5] [6] . At high velocities, the two-step Thomas mechanism becomes important in order to accurately describe the differential cross sections [7] [8] [9] . In the intermediate energy range, recent work has shown that projectile coherence effects can be important, especially when the collision target is a small molecule, such as H2 [10] [11] [12] [13] [14] . In electron capture collisions, it is common to neglect inactive electrons in what is known as the frozen core approximation. Some of our previous work has focused on the validity of the frozen core approximation in electron and heavy ion ionization collisions [15, 16] . Here, we extend this work to electron capture differential cross sections with dressed projectiles.
We introduce several Plane Wave Born Approximation (PWBA) models that are used to explore the effects of neglecting inactive electrons in the collision. We also introduce variants of these models that treat the interaction potential between the projectile and target atom semiquantum mechanically rather than classically. All of the models are then compared to the experimental results of [1] and [17] . For the sake of clarity, and to make comparisons with recent experiments, we focus exclusively on the He + + He single electron capture process with all bound electrons in the ground state. The experimental data sets with which we compare our models use both 3 He + and 4 He + isotopes as projectiles. From an experimental standpoint, the distinguishability of the projectile from the target is a clear advantage. The effect of the isotope on the theoretical models is minimal and only appears in the mass of the projectile. There is no effect on the charges of the particles in the collision, and any effect on binding energies is so small it can be safely neglected.
The PWBA is the simplest perturbative model available and is well-known to overestimate the magnitude of the scattering cross sections. However, the use of such a simplistic model still holds value in qualitatively studying the physical effects in which we are interested, particularly at larger projectile velocities. The models presented here should be viewed as a guide for assessing the relative importance of certain physical effects and hopefully influence the development of more sophisticated models. Atomic units are used throughout unless otherwise stated.
Theory
We present results for angular differential cross sections from three different fully quantum mechanical Plane Wave Born Approximation (PWBA) models. In all models, the center of mass cross section is given by
where is the reduced mass of the initial state projectile and target atom, is the reduced mass of the scattered projectile and residual ion, ( ) is the center of mass momentum of the scattered (incident) projectile, and is the transition matrix given by
The lab frame cross section is related to the center of mass cross section by
where θC is the scattering angle of the projectile in the center of mass frame. The quantity δ is given by the ratio of the magnitude of the velocity of the center of mass of the entire collision system in the lab frame V and the magnitude of the scattered projectile velocity in the center of 
The form of the initial (final) wave function Ψ (Ψ ), and the perturbation are dependent upon the model used, although in each case, we assume independent electrons in the bound states.
Then, two-particle bound states are represented by a simple product variational wave function
with = 1.6875 as the screening parameter. This choice of independent electron helium atom wave function neglects electron correlation within the atom, but it has been shown that for electron capture without excitation, electron correlation plays a minimal role in the cross sections [17, 18] . In all models, the motion of the initial and final state continuum projectiles are treated as plane waves and bound states involving only one active electron are purely hydrogenic. The 1s hydrogenic wave function with nuclear charge Z is given by
Additionally, for the analytical calculations it is necessary to use the momentum space wave function for a 1s hydrogen-like atom with nuclear charge Z given by
Equation (2) can then be written as an integral over the spatial coordinates of all particles included in the calculation. Because of the approximations made, most of the integrations can be performed analytically, with only a 3-dimensional integral that is performed numerically.
Below is a description of each of the models and Table 1 
5-Body Model
The He + + He collision system is inherently a 5-body system, consisting of three electrons and two nuclei. Within the PWBA and independent electron model, it is possible to perform a complete 5-body calculation that includes all particles in the collision system and does not invoke the frozen core approximation. In this case, the incident projectile bound state is purely hydrogenic (Eq. (6)), while the target atom is a bound state represented by the product of two hydrogen-like orbitals (Eq. (5)). The initial state wave function is then given by
where ( In a traditional PWBA model, the perturbation includes all two particle Coulomb interaction terms between the incident projectile and the target atom and is given by 
where is the charge of the electron and is the charge of the alpha particle. In addition to this classical perturbation, we also consider a perturbation in which the nucleus is a point particle but the electron charge cloud is treated quantum mechanically. The potential generated by the atom is then
where ( ) is the potential of the atomic electron cloud. It can be found by integrating the electronic wave function to get the charge density, using Gauss's law to find the electric field, and then calculating the potential. In the 5-Body model, this semi-quantum mechanical (SQM) perturbation is given by
For the variational wave function of Eq. (5), the target atom electronic potential is 
where e m is the mass of the electron, is the mass of the alpha particle nucleus and is the mass of the projectile nucleus. Note that in the initial state target atom wave function we have assumed ⃗ ≈ 3 ⃗⃗⃗⃗ and in the final state scattered projectile wave function, we have assumed ⃗⃗ = 31 ⃗⃗⃗⃗⃗⃗.
Inserting the wave functions from Eqs (8) and (9) 2 ) (
where ⃗ , ⃗⃗ , ⃗ and ⃗ ⃗⃗ are related to the center of mass momenta ⃗⃗⃗⃗ and ⃗⃗⃗⃗⃗ by 
The semi-quantum mechanical perturbation still permits a mostly analytical calculation with the 5-Body SQM transition matrix given by
2 ).
The three-dimensional integrals over ⃗ are performed numerically using Gauss-Legendre quadrature.
Single Bound State Model
In the single bound state (SBS) model, the incident projectile is treated using the frozen core approximation and is assumed to be structureless with a charge and mass + .
This model neglects any bound state effects of the incident He + ion and is identical to that used in [19] , except for the difference in mass of the projectile. The target helium atom is a twoelectron atom. In this model, the initial state wave function is given by
where ( ⃗⃗⃗⃗ ) is the incident projectile plane wave and Φ ( 2 ⃗⃗⃗⃗, 3 ⃗⃗⃗⃗) is the target atom wave function. The final state consists of a scattered one-electron bound state projectile and oneelectron residual helium ion. The final state wave function is then given by
where ( ⃗⃗⃗⃗⃗ ) is the scattered projectile plane wave, ( 31 ⃗⃗⃗⃗⃗⃗) is the captured electron bound state, and + ( 2 ⃗⃗⃗⃗) is the residual ion wave function. We again consider classical and semiquantum mechanical perturbations. The classical perturbation consists of all two-particle interaction terms between the projectile and the two-electron helium target and in the SBS model it is given by
where is the charge of the incident projectile. The SQM perturbation in the SBS model is
where is given by Eq. (11). The Jacobi coordinates for the SBS model are shown in Fig 3. Note that because the projectile is assumed structureless, there is no 4 ⃗⃗⃗⃗ coordinate in the SBS model. 
Note that again we have assumed that ⃗ ≈ 3 ⃗⃗⃗⃗. Inserting all of the wave function expressions and the two choices of perturbation for the SBS model into Eq (2) yields the following expressions for the transition matrices 
Double Bound State Model
In the Double Bound State (DBS) model, the electronic structure of the incident projectile is now included in the calculation. However, the target atom wave function is treated with the frozen core approximation and therefore modeled as a single active electron wave function for effective charge and mass = + . This results in the calculation not including the coordinate 2 ⃗⃗⃗⃗. The initial state wave function is given by
where ( ⃗⃗⃗⃗ ) is the incident projectile plane wave, Φ ( 3 ⃗⃗⃗⃗) is the target atom wave function, and ( 41 ⃗⃗⃗⃗⃗⃗) is the incident projectile bound state electron wave function. In the final state, the scattered projectile is a two-electron helium atom and the residual ion is a structureless point particle of charge . The final state wave function is given by
where ( 
The SQM perturbation is now
with ( ) found in a similar manner to that of Eq. (11) using charge density and Gauss's law. However, because the target atom is a one-electron hydrogenic wave function, the charge appearing in the potential is different and the result is smaller by a factor of ½. This results in
The Jacobi coordinates used for the DBS model are shown in 
As before, we make the approximation that ⃗⃗ ≈ 31 ⃗⃗⃗⃗⃗⃗.
Inserting all of the wave functions and the two choices of perturbation for the DBS model into Eq (2) yields 2 ) ( This results in the Yukawa nuclear charge distribution being the broadest. The SMS SQM charge enclosed is two at the origin, while the DBS SQM charge enclosed is one at the origin.
This difference is due to the use of the frozen core approximation in the target atom wave function in the DBS model, and leads to the DBS charge enclosed having a greater range than the SBS charge. For a complete analysis of the models presented here, it is necessary to discuss the screening of the nuclear charge. Because all of the models contain some approximations to the two-electron bound states, some screening of the nuclear charge is possible. Thus, we have a choice in the values of and , which will affect the binding energies used in the calculation. Table 2 contains a list of the values used for the results shown below. A qualitative discussion of their effects is contained in Section 3. 
Results
As mentioned above, we consider two collision processes with 3 However, for large scattering angles, the 5-Body model is one to two orders of magnitude larger than the SBS or DBS models. Also, at the largest projectile energy, the 5-Body model is larger than the SBS and DBS models at all scattering angles.
Figure 6
Lab frame differential cross sections using the PWBA models described in Section 2. Current models are compared to the experimental results of [17] .
One might instinctively assume that the 5-Body model should be more accurate since it does not make any simplifying assumptions about the inactive electron in the collision.
However, it is not clear from Fig 6 that the 5-Body model is any more accurate at predicting experiment than the SBS or DBS models. In general, the experimental data are best described by the DBS model at both large and small scattering angles, with the exception of the unphysical minimum.
Generally, the SBS model does a poor job of predicting the experimental data. The unphysical minimum occurs at a large scattering angle, and the model overestimates the cross section at small angles, while underestimating it at large angles. This indicates that projectiles with electronic structure cannot be treated as point particles using the frozen core approximation.
Their electronic structure must be included in the wave function and their interaction with the target atom needs to be included in the perturbation. Given that the electronic structure of the projectile is important, it is surprising that the 5-Body model does so poorly. This is primarily a result of the location of the minimum, which, like the SBS model, occurs at too large of a scattering angle. The structure of the projectile is included in the calculation in two ways: the wave function and the perturbation. Both the 5-Body and DBS models have the same projectile bound electron wave functions, but their perturbations are different. Therefore, the poor performance of the 5-Body model seems to indicate that it is the perturbation that is more important than the wave function. This is consistent with previous work that examined the effect of the frozen core approximation in ionization collisions [15, 16] .
Because the deep minimum in the cross section is known to come from a cancellation of terms in the potential, we also consider the semi-quantum mechanical perturbation described above in which the atomic electrons are not considered point particles, but rather a quantum mechanical electron cloud. This SQM perturbation softens the projectile-electron interaction and removes the cancellation of terms in the potential. The effect of this SQM perturbation on the cross section is to dramatically lower the magnitude of the cross section at small scattering angles, while only minimally altering it at large scattering angles. From a classical perspective, small angle scattering occurs for large impact parameters, or when the interaction between the projectile and target is weak. Because the SQM perturbation has the effect of smearing out the electron charge cloud, it produces a less localized interaction. This then results in a decreased probability of capture at small scattering angles and a smaller cross section. At large scattering angles, the dominant interaction is between the projectile and target nucleus, which is modeled as Coulombic in both classical and SQM perturbations. Therefore, the large scattering angle cross sections are similar for both types of models. However, the SQM models generally do a poor job of predicting experiment.
To further explore the effect of softening the potential in the perturbation, The experimental data show a pronounced elbow where the slope of the cross section changes to become more gradual with increasing scattering angle. This is due to different capture mechanisms dominating the small and large angle scattering regimes. For small angle scattering, the dominant capture mechanism is momentum transfer to the electron, while for large angle scattering momentum transfer between the nuclei is dominant [24] [25] [26] . This again is consistent with the SQM results in which the models drastically underestimate the capture cross sections at small scattering angles, but accurately describe the experimental results in the large scattering angle regime.
As mentioned above, in the SBS and DBS models, the values of the projectile charge and target nuclear charge can be varied to account for screening by the inactive electron. Variation of these charges will then affect the binding energies used in the calculations. The results shown in Fig. 6 do not include any screening effects in the charges (see Table 2 for values used), however adjustment of the charges has some effect on the differential cross section. As From Fig 7 it can be seen that all of the PWBA models using the classical perturbation show a two peak structure, although the second peak is not readily noticeable on a linear scale.
This peak structure is not associated with diffraction effects, but is due to the unphysical minimum in the cross section.
As with the higher energy results, none of the models accurately predict experiment and in fact they all overestimate the experimental data by approximately one order of magnitude.
This overestimation is well-known for the PWBA, particularly at lower energies. The DBS model again shows the best agreement at small scattering angles, while the SBS and 5-Body models predict too broad of a dominant peak located at too large of a scattering angle. This broadening and shifting of the dominant peak to larger scattering angles indicates that the models overestimate the probability for capture in grazing collisions. As noted with the higher projectile energies, this is likely due to the projectile-nucleus interaction being too strong in the 5-Body and SBS models.
A striking difference is observed in the cross sections for the models using the classical perturbation compared to those of the SQM perturbation. The SQM models predict a very large broad cross section that in no way resembles the experimental data, even at large scattering angles where for higher projectile energies these models showed good agreement with experiment. The forward scattering capture cross section is significantly underestimated, which is again due to the projectile-electron interaction being spatially smeared out causing a weaker interaction. Overall, Fig 7 clearly shows the inadequacy of the PWBA models at low projectile energies and in particular the importance of the projectile-electron interaction for predicting capture at small scattering angle.
Conclusion
We have presented results from three different plane wave Born approximation models using two types of perturbations. In all models, the incident and scattered projectiles were treated as plane waves and any two-particle bound states were approximated as product wave functions within the independent particle model. While these are very simple models, they show qualitatively some important physical effects. In the 5-Body model, all particles in the collision system were explicitly included in the calculation, while in the Single Bound State and Double
Bound State models, either the incident projectile or inactive target atom electron was neglected, respectively. The differences between the 5-Body and SBS or DBS models showed the effect of the frozen core approximation. When a classical perturbation was used, all models showed an unphysical minimum due to a cancellation in the terms in the perturbation. Comparison of the 5-Body, SBS, and DBS models revealed that the neglect of inactive electrons in the perturbation had the most significant effect on the shape of the cross section.
The deep minimum in the cross section with the classical perturbation prompted us to develop a semi-quantum mechanical perturbation potential in which the atomic electrons are modeled as a quantum mechanical electron cloud rather than point particles. Use of the SQM perturbation removed the unphysical minimum, but it also lowered the magnitude of the cross section at small scattering angles. This was attributed to the smearing out of the electron probability density, which reduces the small angle capture probability. We also presented results from the DBS-Y model, which introduced screening of the target nucleus. Like the classical perturbation models, the DBS-Y model also predicts a deep minimum in the cross section,
showing that there is still a cancellation of terms in the potential, despite the nuclear screening.
While the results presented here come from rudimentary models, they demonstrate important physical concepts involving diffraction effects and the role of inactive electrons in the single electron capture process and the classical vs. quantum mechanical description of the projectile-electron interaction. We anticipate that more sophisticated quantum mechanical models will be able to more accurately predict experimental results on a quantitative level.
